A robust filtered sliding mode control (SMC) approach is presented for vibration control of wind-excited highrise building structures. Rather than using a Lyapunov-function based control design, an alternative way is provided to find the control force based on the equivalent control force principle to obtain the control force. A low pass filter is properly selected to remove the high-frequency components of the control force while retaining the structural stability. The performance of the proposed filtered SMC is evaluated by application to a wind-excited 76-story building benchmark problem equipped with an active tuned mass damper (ATMD) on the roof. Due to the elimination of high-frequency part of the control force, the structure, sensors, actuators, and dampers are all less excited, and consequently their response is reduced compared with the unfiltered SMC approach. In addition, the required control forces are reduced which means a reduction in the size of actuators, thus making their implementation more practical. It is shown the proposed method is more robust to structural stiffness uncertainties compared with the linear quadratic Gaussian (LQG) algorithm and another implementation of SMC.
introduction
Active, semi-active and hybrid vibration control of structures subjected to extreme dynamic loading such as earthquake or wind has been an active area of research in recent years (Jiang, Adeli 2008a , 2008b Adeli, Jiang 2009; Adeli, Kim 2009 ). Fisco and Adeli (2011a) present a review of active and semi-active vibration control of structures. Fisco and Adeli (2011b) present a review of hybrid control systems and control Strategies. More recently, El-Khoury and Adeli (2013) summarize recent Advances on vibration control of structures under dynamic loading.
The motivation of the research is to design a robust controller (Boutalis et al. 2013; Rigatos 2013; Tolu et al. 2013 ) with high performance for vibration control of large civil structures, a challenging research problem due to nonlinear structural behavior and many system uncertainties (unknown disturbance/excitation, sensor measurement noise, actuator dynamics, and modeling error between assumed system models and real systems) (Nigdeli, Boduroğlu 2013; Amini et al. 2013; Amini, Zabihi-Samani 2014; Su et al. 2014) . The idea of sliding mode control (SMC) consists of two parts: (1) find a sliding surface (defined as a desired linear combination of system states such as displacement, velocity, and acceleration) to stabilize the controlled system, and (2) find a control force to drive the response trajectory into the sliding surface with an exponential speed in time (Utkin 1993) . SMC is especially useful for variable structure systems (e.g., when stiffnesses vary during a dynamic event) because the sliding surface is independent of the control input and system uncertainties (Utkin 1993) . SMC has been used for control of civil structures by Yang et al. (1995) and Wu and Yang (2004) . Wu (2003) presents experimental verification of SMC for vibration control of a regular 3-story building structure using a shaking table.
The main advantage of the SMC is that it is invariant to external excitation such as wind and earthquake and the variation of system parameters (such as structural stiffness and damping) during the dynamic event. The structural uncertainties can be represented by a linear combination of the control forces. However, the chattering in SMC is generally a problem that needs to be resolved for better control. Recently, the authors presented a time-varying method for determining the sliding gain function in the SMC. Two alternative tuning algorithms were proposed. A 90% to 95% reduction of chattering was achieved for the algorithm used for systems with sensor dynamics only. Using the second algorithm, the chattering was reduced by 70% to 90% for systems with noise and/or disturbance, and by 25% to 50% for systems with a combination of disturbance, noise, and unmodeled dynamics.
Since high frequency components of the control input do not impact controlled civil structures significantly (their frequencies are substantially lower), a low pass filter can remove the high frequency part of the control input determined by SMC. Use of a low pass filter results in a reduction of maximum control input which is significant for the size of actuators and real implementation. In this article, a filtered sliding mode control approach is presented to reduce the response of civil structures subjected to wind excitation. It is applied to a 76-story windexcited benchmark highrise building structure.
Problem formulation

Reduced order model of physical wind excited structures
The equation of the motion for a linear structure subjected to wind loading is (Adeli et al. 1978) :
where
are mass, damping, and stiffness matrices, respectively, p is the number of degrees of freedom of the structure, p ∈ W R is the vector of wind excitation,
is a matrix of excitation influence representing the variation of the wind over the height of the
is the control force vector assuming the structure has q actuators, and
is the matrix related to positions of the control forces. For ease of controller design, Eqn (1) is rewritten as follows:
is the matrix representing the properties of structural mass, stiffness, and
is the vector of control locations, and
η is a matrix of wind excitation. It is common in the control field to reduce the number of degrees of freedom (DOF) for large systems in order: a) to avoid ill-conditioning of large matrices; and b) reduce the number of required actuators. Consequently, the size of the model is reduced using a state order reduction technique by keeping the dominant eigenvalues of the matrix A (the smallest ones) while removing unimportant eigenvalues (the largest ones) (Davison 1966) . Eqn (2) is reduced to: R is assumed to be uncorrelated Gaussian white noise which is not measurable. The consideration of r v is due to the existence of sensor noise in practical situations.
Civil structures are generally assumed to be (1) stable: the structural response is reduced if the control force is properly calculated and applied, and (2) observable: if only part of the reduced states r x can be measured, r x can be determined by designing an observer to estimate the remaining states.
observer design
Since the vector of states r x in Eqn (3) is only partially available by measurement, an observer is designed to estimate the system states as follows (Skelton, Ikeda 1989) :
where ˆˆ = + r yr r yr y C x D u and an observer gain matrix L is defined in the following form:
In Eqn (6), 0 P is the solution of the Riccati equation 
In Eqn (7) A LC to have a negative real part. This in turn provides system stability and ensures that error vector e will converge to zero, i.e., ˆr x will reach its desired value in a finite time as well.
Filtered sliding mode control
Controller design
In SMC a sliding surface vector s is designed first to stabilize the controlled system followed by determination of control forces to drive the response trajectory into the discontinuous sliding surfaces. Substituting Eqn (4) into (5) (because the vector of measured states r y is not related to the control force) yields:
where , , (2004) use a modified SMC approach where they find the control force based on a Lyapunov function. In this article, an alternative method is provided to find the control force based on the equivalent control force principle (Utkin 1993) . Estimated states are divided into two parts, without actuators (control forces) ( 1 x  ) and with actuators (control forces) ( 2 x  ) and Eqn (9) is transformed to the following two equations: 
where (10) is treated similar to a control force and Eqn (10) is solved like an optimal control problem using a linear-quadratic method. Assume 2 x can be related to 1 x as:
is a gain matrix obtained by solution of a Riccati equation similar to the previous equation. Then, based on Eqn (12), the equation of the sliding surface is chosen as:
where [ ] 1 , = P P I for ease of notation. The goal in SMC is to achieve 0 = s .
The second step is to find control forces such that the response trajectory will always remain along sliding surfaces 0 = s . Taking the derivative of s in Eqn (13) and using Eqn (9) yields:
The inverse term ( )
exists because of the existing of 1 − r B . Then, the following discontinuous equivalent control force is chosen for s to converge to zero:
where M > r PE γ is a time-varying gain chosen to be equal to M a = + δ s ( a and δ are positive constants),
. It should be noted that white noise in continuous time has infinite variance and cannot be sampled. Discrete-time white noise, on the other hand, has a finite variance with a constant power spectrum. Also, note that the observation noise sequence is obtained as a result of sampling the sensor outputs. Noise in this model is discrete and consequently has finite values, which implies the existing of M. In this research a non-constant M is chosen resulting in the inequality M < δ which means the undesirable chattering in SMC is reduced. Substituting Eqn (15) into (14) yields:
is the determining term in Eqn (16), which ensures that ( ) sign  s is always opposite of ( ) sign s . As a result, the condition 0 = s for the sliding surfaces will be achieved in a finite time, which means the system states will decay with an exponential speed in accordance with Eqn (12).
First order low pass filter for the control force
The control force proposed in Eqn (15) generally contains high-frequency components due to fast and frequent switching of the sliding mode control force. The high-frequency components have an insignificant influence on the system response since most civil structures have a low frequency compared with that of control force and it is unlikely that a resonant phenomenon will happen , 2005 . Removing the high frequency components of the control force, however, results in a smaller force and actuator size without any loss of response reduction. In this research, a first order low pass filter is properly selected to remove the highfrequency components of the control force in Eqn (15) while maintaining structural stability. A filtered control force f u is selected to satisfy:
where the time constant
T is the sampling time interval. It is necessary to choose a proper τ that is not too large to cause an unstable situation for the controlled structure. The controlled structure will fall into unstable status if τ is too big (for example, when τ is close to 1). The stability is guaranteed by selection of a τ value such that structural response is always reduced.
After applying a Laplace transformation to Eqn (17) the filtered control force f u can be rewritten as:
where Ω is a variable in the frequency domain.
Example
The filtered SMC method presented in this paper is applied to a benchmark control problem developed based on a 76-story, 306-m office tower proposed for the city of Melbourne, Australia (Yang et al. 2004 ). This reinforced concrete building consists of a central concrete core and an external concrete frame. The 153,000-metric ton slender building is sensitive to wind since its height-to-width ratio is 7.3. It is modeled as a vertical cantilever structure with rigid floors and 76 degree-of-freedom (DOF) for the translational vibration as shown in Figure 1 (one DOF per floor). The plan view of this building is shown in Figure 2 . The time histories of wind excitations for the 30 th , 50 th , 70 th , and 76 th floor are shown in Figure 3 . Figure 4 shows a schematic architecture for vibration control of the 76-story building using the approach presented in this paper. The building is equipped with an active tuned mass damper (ATMD) (Amini et al. 2013) on the top floor. The equation of motion of the ATMD is (Smith, Coull 1992) :
Please refer to Appendix I for a detailed explanation of Eqn (19).
A reduced order system is constructed as follows: The state vector is : the first two are chosen for comparison with LQG presented in Yang et al. (2004) and the SMC approach presented by Wu and Yang (2004) , respectively. The last value is chosen to show that the structural vibrations can be reduced significantly. For the sake of comparison, only one actuator is used on the top floor of the structure similar to Yang et al. (2004) . Yang et al. (2004) defined 16 criteria for the benchmark problem summarized in the Appendix II. The lower the value of each criterion the more effective the control algorithm. Table 1 shows a comparison of 16 evaluation criteria for the proposed filtered SMC method with the LQG algorithm presented in Yang et al. (2004) as well as the unfiltered SMC using 1.065 a = . To test the robustness of the proposed method, a 15% ± stiffness uncertainty is applied in the simulation. It is found that criteria 1 J to 4 J and 7 J to 10 J of unfiltered SMC are slightly smaller than those of the LQG control, but the other 8 criteria are slightly higher for the unfiltered SMC. Therefore, in general the performance of the unfiltered SMC approach is similar to that of LQG control for vibration control of this building. Next, for the filtered SMC, it is found that most of the criteria are much or slightly smaller than that of both unfiltered SMC and LQG control, especially in maximum control force and actuator displacement which are significant due to the limitation of commercially available actuators. Also, the proposed filtered SMC with 15% ± stiffness uncertainty is less sensitive compared with the LQG algorithm. Table 2 shows a comparison of the same 16 evaluation criteria for the proposed filtered SMC method with the SMC technique presented in Wu and Yang (2004) as well as the unfiltered SMC using 1.265. This table shows that the performance of unfiltered SMC is similar to that of Wu and Yang (2004) . Without stiffness uncertainty, performance of the proposed filtered SMC in 12 criteria is better compared with the unfiltered SMC and the SMC method of Wu and Yang (2004) . For all three different stiffness values the maximum control force of filtered SMC is less than that for the SMC method of Wu and Yang (2004) . For the 15% ± stiffness uncertainty cases, the performance of filtered SMC is better than the other two control approaches with the exception of the values of 7 J and 8 J for the 15% + stiffness uncertainty case which are slightly higher than the corresponding values in Wu and Yang (2004) .
The time histories of the structural response of the 75 th floor and control force on the top of the structure are shown in Figures 5 and 6 for filtered SMC with 1.865 a = and 1.265 a = , respectively. It is found that the response has been reduced by using the filtered SMC compared with the case without control. Structural vibrations can be reduced significantly by choosing a proper value for the parameter a.
Filter SMC ( 1.065, 0.1 Table 2 . A comparison of evaluation criteria with SMC (Wu, Yang 2004) 
Conclusions
A filtered SMC approach is presented in the article for active vibration control of wind-excited highrise building structures and its performance is evaluated by application to a 76-story building benchmark problem equipped with an ATMD on the roof. Assuming rigid floors the 77-degree-of-fredom (DOF) structure is reduced to a 12-DOF model. An asymptotic observer is employed to estimate the system states since only 3 out of the 12 states are measured directly. Compared with LQG and another implementation of SMC (Yang et al. 2004; Wu, Yang 2004) , the proposed filtered SMC has in general better performance, especially in reducing the maximum control force and control power.
Innovations of the research can be summarized as follows:
1) The paper presents a new filtered sliding mode control (SMC) approach for vibration control of windexcited highrise building structures. Rather than using a Lyapunov-function based control design, an alternative way is provided to find the control force based on the equivalent control force principle to obtain the control force.
2) The main advantage of the SMC is that it is invariant to external excitation such as wind and earthquake and the variation of system parameters (such as structural stiffness and damping) during the dynamic event. The structural uncertainties can be represented by a linear combination of the control forces. However, the chattering in SMC is generally a problem that needs to be resolved for better control. To overcome this problem, a time-varying method is proposed for determining the sliding gain function in the SMC.
3) The performance of the proposed filtered SMC is evaluated by application to a large and real-life structural control problem, wind-excited 76-story building benchmark problem equipped with an active tuned mass damper (ATMD) on the roof. 4) The required control forces are reduced which means a reduction in the size of actuators, thus making the implementation of the new control algorithm more practical. 5) It is shown the proposed method is more robust to structural stiffness uncertainties and uncertainties compared with the linear quadratic Gaussian (LQG) algorithm and another implementation of SMC. The proposed control algorithm is more robust than traditional LQG and unfiltered SMC. A second order filter may improve the results but not always. Further research includes the consideration of the actuator dynamics and actuator-structure interaction for practical implementation. Agrawal, A.; Samali, B.; Wu, J. C. 2004 The evaluation criteria fall into three categories: peak responses, normalized responses, and control requirements. A total of 16 criteria are provided for evaluation of the performance of a control algorithm (Yang et al. 2004) . They are summarized in this Appendix.
The maximum root mean squared (RMS) value of acceleration:
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